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ABSTRACT

In this paper we develop an original solution to mean delay in a general ZMC /G, /1 cyclic

priority queue with class (¢) and cycle (k) dependent service time and feedback. Each class has its
priority assigned. There may be one or more classes with the same priority. This model is
suitable for performance analysis of round robin processor sharing policies. The analysis may be
used to examine the effects of quantum sizes in round robin scheduling used in operating sys-
tems. Each customer, upon entering the system, requires a number of service cycles before it
leaves the system. Each service cycle is characterized by its service time distribution, and the
probability of having at least one more cycle before the customer leaves the system. These
characteristics of cycles may be different for different cycles of a service process. The solution is
represented as a system of linear equations. It may be efficiently solved using the Gauss-Seidel
iterative procedure. A general solution is developed of which, the two special cases are a non-
priority (single-priority) and a one-class-per-priority non-preemptive queues. Computational
complexity of the numerical procedure is between computational complexity of the two special
cases, O(C’K*) and O(CK”) respectively. C stands for the number of classes, and K stands for
the maximum number of cycles being numerically considered.
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1. INTRODUCTION

In this paper we consider a general ZMC /G, /1 cyclic priority queue with cycle (k) and class

(c) dependent service time and feedback. Each class has its priority assigned. There may be one
or more classes with the same priority. The two special cases are non-priority (single-priority)
and one-class-per-priority non-preemptive queues. Each customer, upon entering the system,
must complete a number of service cycles before it leaves the system. Service times in each cycle
have general distributions, which may be different for different cycles and classes. After
completing one service cycle, a customer may enter the next cycle with a prescribed probability
or leave the system. The feedback probabilities may be different for different cycles and classes.
Such a queueing model is suitable for performance analysis of processors shared among multiple
processes according to a prescribed round robin task scheduling policy of the operating system
[9, 12].

Algorithms, which deal with this problem, simplify the problem by using one or more of the fol-
lowing assumptions. The service times in each cycle are equally distributed [1, 5]. The feedback
is memoryless, i.e., the number of cycles has a Bernoulli distribution [5].

The Mean Value Analysis (MVA) [6, 7, 10] is a popular and numerically attractive approach. It
implies perfect sharing of resources, e.g., processor. As we shall see, different duration of visits
to a processor, while keeping total processing requirements constant, may significantly influence
the performance.

A method which describes behavior of queueing system elements in terms of communicating fi-
nite state machines [3, 4] allows more precise modeling of different service times in different
stages of service in various task scheduling policies. However, all service times are assumed to
be exponentially distributed. This assumption allows construction of the state transition diagram
of a Markov process and a more precise modeling of various scenarios in the service process.
The method gradually builds the state transition diagram until a prescribed accuracy is achieved.
The problem of state space explosion is overcome by pruning low probability states. This
approach is used in [14] to evaluate performance of a network switch in which the processor
applies various task-scheduling policies to perform different functions of the network switch.

The paper is organized as follows. A model of the z M_ /G, /1 queue with multiple classes, and

class and cycle dependent feedback and service times is described in Section 2. Unlike previous
work, we allow that the service time distributions and the feedback probabilities vary from cycle
to cycle. A theoretical solution is given in Section 3 in a form of a system of linear equations
suitable for Gauss-Seidel iterative procedure. The convergence problem is also addressed.
Numerical examples are given in Section 4 to illustrate the approach.



2. AMODEL

Let us consider a general ZMC /G, /1 queue with feedback. There are C independent input
streams of customers. New customers join the end of the queue. An arrival process of new
customers in each class ¢ is modeled as an independent Poisson arrival process. Each customer
must complete a number of service cycles before it can leave the system. We assume that the
time a class ¢ customer spends in service in its Kt cycle has a general distribution. However, it
does not depend on service times spent in previous cycles.

Let us introduce the following notation:

e A isthe Poisson process arrival rate of class ¢ customers;

e S, is arandom variable which represents the service time of a class ¢ customer in its cycle
k'

® s, is the mean value of the corresponding service time, i.e., E[S,,];
e v, is the mean square of the corresponding service time, i.e., E[S>];

® p, is the probability that a class ¢ customer will need at least one more cycle after it finishes
its cycle k; The customer leaves the system with the probability equal to 1-p_, ;

® @, is the priority of class ¢; A lower number means the higher priority;
e s 1is the mean total service time required by a class ¢ customer;

e w_ is the mean total waiting time in the queue experienced by a class ¢ customer;

&

e d =5, +w, is the mean total delay (time spent in the system) experienced by a class ¢ cus-
tomer;

* w, is the mean waiting time experienced by a class ¢ customer who enters its kth cycle;
e n, is the mean number of class ¢ customers who wait in the queue in their kth cycle.
Two typical cases of feedback are:

e Bernoulli feedback when p, = p_, i.e., the feedback probability does not depend of the cycle
index;

¢ Constant number (const,) of cycles when p, =1 for k < const, and p_, =0 otherwise.



In this paper we consider a general case where more than one class may have the same priority.
The two special cases are non-priority (single-priority) when @_ =1, and single-class-per-priority

non-preemptive queues when @, = c¢. The first case is shown in Figure 1. All customers join the

same queue. They are served in a First-Come-First-Served (FCEFS) order. In the second case,
customers of different classes join different queues, as shown in Figure 2. Classes with lower
indices have higher priorities. A customer can begin a service cycle only if all queues with lower
indices are empty. Customers with the same priority are served in a FCFS order. We assume a
non-preemptive service, i.e., once a service in a service cycle begins, it cannot be interrupted by a
high priority customer.
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Figure 1: A Single-Priority Cyclic Queue with Multiple Classes
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Figure 2: A Single-Class-Per-Priority Cyclic Multiple Priority Queue

Assuming that probabilities of staying in the system in different cycles are mutually independent,
the probability that a class ¢ customer will reach cycle k¥ may be computed as

k-1
ﬂ.ck = Hpcj (1)
J=1

By definition, 7, =1, i.e., each customer has to complete at least one cycle. Since each customer
eventually leaves the system, it holds that

limz, =0 2)

k—oo



The following hold:

5. =375, 3)
k=1

W=7 w, @)

k=1

Notice that, assuming sums (3) and (4) exist, series of their partial sums, ZZ;N increase and con-

verge to their actual values. We may use this property to truncate calculations when the series of
partial sums numerically converge. Certainly, artificial examples may be constructed where a
partial sum appears to be converging while exhibiting different behavior past certain number of
cycles.

3. ASOLUTION

Let us consider customer A who joins the end of its queue in its kth cycle. We distinguish two
different cases with respect to the cycle index:

e First cycle (k =1): Due to Poisson arrivals, customer A will find the system in a steady state.

e Other cycles (k >1): When customer A completes its k-1th cycle, and joins its queue in its
kth cycle, the system is not in a steady state. However, knowing the state of the system at the
beginning of the previous cycle, we can compute its new state at the beginning of the current
cycle due to the following facts: (i) while a customer is served by the server, none of the other
customers may leave the system; (ii) a customer instantaneously goes from the server to the
end of its queue when it enters the next cycle so there are no new arrivals in that infinitely
short period of time; (iii) arrival rates of new customers do not depend of the state of the
system.

When customer A joins the end of its queue in its kth cycle, it will see the following customers:

e The customer who was being processed when A entered the system for the first time and
provided that this customer has not yet left the system;

e Customers found in waiting the queue(s) when A entered the system, provided that they have
not yet left;

e Customers who entered the system after customer A entered and have not yet left the system.



Customer A has to wait for the above three types of customers (providing they have equal or
higher priorities) before it reaches the server and starts another service cycle. We shall denote the
mean total waiting time for the three types of customers as r,,, w/,, and w/, respectively.

3.1 Residual Service Time

Let T be the residual time in the current service cycle of a customer found in service by a new
arrival. Let ¢ be the expected (mean) value of 7 . In this section we derive ¢ using an approach
similar to the one in [2], where the mean residual time for a single class M/G/1 queue and
multiple classes priority M/G/1 queue with no feedback are derived. We generalize the derivation
to multiple cycles with different service time distributions.

Assuming that the system is stable, each customer eventually leaves the system. Since the service
is non-preemptive, a high priority customer cannot preempt a low priority customer whose
service cycle is already in progress. Since Poisson arrivals see time average (PASTA), the re-
sidual service time in a service cycle for a customer found in the server by a Poisson arrival, does
not depend on the class nor priority. In what follows we derive this value.

Let us consider the server perceived by a new customer just before it enters its first cycle. It will
see 0 customers, if the system is empty or 1 customer currently being processed. The mean
residual service time, ¢, perceived by a new customer may be derived from Figure 3. When a
customer begins its service, its residual service time is equal to its service time in that service
cycle, say T, =S, . The index i stands for i™ service cycle (any customer, any customer’s cycle)

since the beginning of observation. Then, the residual service time linearly decreases until it be-
comes equal to O after S,,. Due to the PASTA rule, the mean residual service time, perceived by

a Poisson arrival, is equal to the mean height of the graph in Figure 3.
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Figure 3: Residual service time perceived by a new arrival

The mean residual service time is
[M(A)]

1% 1
t=1lim—|T(r)dr=lim— Y T’ 5
wA{() lim - 2.7, (5)

where |[M(A)| is the number of service cycles completed in period A . By grouping together terms
which belong to the same class and service cycle, expression (5) may be rewritten as
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where M, (A) is the set of kth service periods of class c,

Mc_k(A)| is its cardinality, and A_(A) is

the number of completely served (all cycles) customers of class ¢ in period A. The following
hold
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In a queue with no feedback (single service cycle), 7, =1 and 7, =0 (k>1). Using this fact,

ﬂ, and iz, which are mean residual times for priority M/G/1, single
Y7,

c'c?

we obtain %Zf_lft 14

class M/G/1, and M/M/1 queues respectively, as obtained in [2].

3.2. Waiting Times

Next, we find 7, . Obviously, when class ¢ has the highest priority! and k =1
Ty =t (a1

For lower priority classes and k =1, a new arrival has to wait for the customer found in service to
complete its current cycle. In case that customer has a higher priority, it will complete all its
remaining cycles before the new customer reaches the server for the first time. In case a class i

The

throughput of such customers is 4,7;, and their mean number is A,7;s;. Let us define

customer was being served in its jth cycle, the additional time is Z; DijeeePijsiaSi i

I Not necessarily 1 if there are no classes with priority equal to 1



X. = 7[ Then the total influence of such customers on waiting time is an increase of

s
ij iL,j+IY i+

) .y 5 ) .

Aix; . By summing over all higher priority classes? and all cycles, we obtain the first cycle

waiting time for the customer found in the service upon arrival

L=t DA, ZSU i (12)

zw<w

Obviously, r, =r, if @, =wo,. Using (11) as the initial value, we may rewrite (12) in the

following recursive and numerically more efficient form

=r, + z A, ZSU)C” such that @, =@, — 1 (13)

Next we consider when k>1. When customer A of class ¢ enters subsequent cycles only
customers of classes with the same priority, if originally found in service upon arrival of
customer A, will interfere with customer A. Namely, a higher priority customer originally found
in service would have already left, while lower priority customers will have to wait until
customer A leaves the system. When customer A enters its first cycle, it will find on the average

A;7;s,; class i customers being served in their jth cycle. When customer A enters its kth cycle, on

the average 4,7, ,,, s, of those customers will still be in the system and in their j+k — 1th cycle.

i lj+k

On the average they will spend s, .., , in service. By summing the waiting times over all classes

i,j+k—
with the same priority, the mean time customer A will spend waiting for the customer originally
found in service is

= >4 ZS,,”,,+k 1S ket k>1 (14)

1a)w j=1

Next we find w/,. Again, we distinguish calculation for the first and for the subsequent cycles.
When a new class ¢ customer enters its first cycle, it must wait for all higher priority waiting
customers to leave the system. It also must wait for all customers with the same priority as its
own to finish their current cycles. The customer does not have to wait for any of the lower
priority customers (except for the one currently being served). A class i customer (higher
priority) waiting in its jth cycle will spend S +Zz \Pij- PijaiSi w10 service before it leaves

the system. From the Little's theorem, there are A,7,w, such customers. Their overall

contribution is A,w, x, . The overall first cycle waiting time due to the higher priority customers

can be obtained by summing over all higher priority classes and all cycles, Zw <o, A Z, (WX -

2w, <w, denotes all i such that @, < @, .



The delay due to classes with the same priority may be derived as follows. Due to the PASTA

rule, the new arrival will see n; class i customers waiting in their jth cycle. The total throughput
of these customers is /1i7£ij. Using the Little's formula [8], we have that n; = /1,75,,W When
customer A enters its kth cycle, class i customers initially found waiting in thelr jth cycle, will be

in their j+k—1th cycle. Only PijaPijsa- Pijssa Of those customers will still be in the system.
By summing over all classes with the same priority as customer A and all cycles, we obtain

Zi_wi«% A, Zj:l WX, - This expression may be simplified as

Zw Y /1[2, 5P, Py jea- Py jrirSi i and therefore the total first cycle waiting time w is
1.0;=0, J= ’ > > >

= > AZW,] X+ D /IZW TS, (15)

l[l)<[l) za) =0,

In the subsequent cycles (k > 1), a class ¢ customer must wait only for customers with the same
priority found in the system in the first cycle. Therefore

zﬂ' zwl]ﬂ'l J+k— 1S1]+k 1 k >1 (16)

zww

Next we find w/, . Again we distinguish first and subsequent cycles. In the first cycle, during the
waiting time w,, 4w, new higher priority class i customers entered the system and must be

served completely before the class ¢ customer starts its first service cycle. For that reason, the
class ¢ customer has to wait additional s, units of time. The overall contribution of higher prior-

ity customers is

3 A, (17)

i:0; <wi,
In the subsequent cycles, customer A must wait for

e Higher priority customers who came during the waiting time in the current cycle, and the
service time in the previous cycle; These customers will leave the system before the customer
is allowed to start its current service cycle. The contribution of all higher priority customers is

Zi:a)i<a)(, ﬂ’i (sc,k—l + Wek )S[ ;

e Same priority customers who entered the system after the customer being considered entered
the system; The contribution of all such customers is Zi: /1 ZI l(w + ST 4 Sig -

Therefore, for k> 1, it holds

k-1
Wy = (Sepmr T Wa) Z Ais; + z A z (szi 5 )Eisk—jsi.k—j (18)

iw;<w, o=, j=1
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Waiting times for all classes and all cycles can be solved as a system of linear equations
Wy =Ty Wi +wy (19)

where parameters in the right-hand side of (19) are derived in the above discussion.

3.3. Numerical Considerations

As we have seen, the problem can be solved as a system of linear equations (19). The number of
unknowns is approximately equal to CK, where K 1is the maximum number of cycles
numerically being considered in any class. The “numerically being considered” means that low
probability cycles with large indices are ignored, i.e., the calculation of sums with an infinite
number of terms/cycles (e.g., Bernoulli feedback) is truncated when the series of partial sums
numerically converge with a prescribed accuracy. The worst case computational complexity of
solving (19) is O(C’K?).

We can notice that waiting times of a class do not depend on waiting times of lower priority
classes. Therefore, we can find waiting times of the highest priority classes as a sub-system of
linear equations with a smaller number of unknowns. Then we can use those values as constants,
and find waiting times for classes with the next highest priority etc. In such a way, the
computational complexity in one-class-per-priority case is O(CK”). In general, computational
complexity is between the two special cases and increases as the maximum number of classes per
priority increase.

The system of linear equations (19) is in a form suitable for Jacobi and Gauss-Seidel algorithms
for iterative solution of systems of linear equations. Generally, examples can be made where one
or the other algorithm exhibits better convergence. Similarly, cases may be found when either or
both algorithms have problems with convergence. A detailed discussion on the convergence
criteria may be found in [11] and [13].

In our examples, we used the Gauss-Seidel algorithm, which is simpler for programming, and has
lower memory requirements, as both old and new values need not be stored. We used r, as an

initial value of w . Using this as the initial value, we did not experience any problems with
convergence. Certainly, the algorithms do not converge in case of unstable systems
(2;/1;5; > 1) but this situation can be detected before the procedure starts. The system may be

stable for higher priority classes, and unstable for lower priority classes for which Zw_g JAsi 21,

Generally, queues with lower utilization exhibit better convergence. In our numerical examples
for moderately low utilization (below 75%), the number of iterations was below 50 and between
10 and 20 in most of the cases. The relative error was 10™. It may be shown [13] that for the
same system of linear equations, the number of iterations increases as a linear function of
logarithm of the relative error.
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At the end of this section, we discuss how to choose service times in each cycle so that the total
service time has a given distribution. Let S(®) be the moment generating function of the total
service time where ® is the parameter of the moment generating function. In this paper we as-
sume that service time in each cycle is independent of service times in other cycles. Let a, <1 be

the portion of the total service time spent in cycle k. then, the moment generating function of the
service time in cycle k is S“ (®). The mean service time in each cycle is a,s . The corresponding

squared coefficient of variation is (E[S*]—s")/(a,s”).

4. NUMERICAL EXAMPLES

In this section we present some numerical examples as an illustration of the developed numerical
procedures.

The first example shows the influence of number of cycles in round robin process scheduling
[12] of a single class queue. This is an important parameter of an operating system. We keep the
total service time equal to 0.25. Here, we neglect the context-switching overhead spent whenever
the processor switches from one customer to another. We vary the number of cycles from 1 to
150, In Figure 4, we show the results only up to 5 cycles. We vary also the processor utilization
(25%, 50%, 75%). We notice that the delay increases as the number of cycles increase despite the
constant total service time. The increase is more noticeable when the utilization is higher. As the
number of cycles increase from 1 to infinity, the overall delay increases from the one
corresponding to the M/D/1 queue to the one corresponding to the equivalent M/M/1 queue (as
shown by the dotted lines). This effect may be explained using the following reasoning. When
the number of cycles is sufficiently large, all customers in the system are effectively served in
parallel (perfect processor sharing). The processor time available to each customer is inversely
proportional to the number of customers in the system. On the average, the processor speed
available to each customer is proportional to 1—, where p stands for the processor utilization.
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1 2 3 4 5
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Figure 4: Delays in a Single-Class Queue vs. Number of Cycles and Utilization
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In the next example, we introduce a context-switching overhead, which is a time needed to
switch processor from one customer (or task in the operating systems terminology) to another. It
is well known that when an operating system performs too many context switches, the system
becomes congested due to "trashing" [9, 12]. We assume that it takes s’ time units to complete
service of a customer (useful work) and s” time units just to switch processor between two
customers. Assuming that a customer is completely served in k cycles, the processing time in
each cycle is equal to s” +s"/ k and the total processing time per customer is equal to ks” +s”.
Applying this to the previous example, we assume s”=0.2 and s” =0.05. In case of a single
cycle, the minimum total service time is 0.25 as the total service time in the previous example.
The maximum number of cycles k__, may be determined by solving equation A(k__ s”+s")=1.

For the arrival rates equal to 1, 2, and 3, it is equal to 16, 6, and 2 respectively. Figure 5 shows
the results.

max max

Delay
N
X

Number of cycles

Figure 5: Delays in a Single-Class Queue vs. Number of Cycles and Utilization

Next, we discuss how the order of operations may affect the delay. Let the arrival rate be equal to
1, and there are two cycles (stages) which take constant number of time units, 0.2 and 0.4. If we
schedule the shorter cycle first, the delay is 1.14286. If the longer cycle is scheduled first, the
delay is 1.33333. This agrees with the intuitive reasoning that it is better to schedule shorter
cycles first. The less a customer spends in a cycle, the shorter waiting time in subsequent cycles
due to a smaller number of new customers which arrived after the customer being considered.

Figure 6 shows a single class queue with the arrival rate equal to 0.5, and the total service time
equal to 1. We vary the length of the service period per cycle (quantum size) and the results are
shown in Figure 6. When the quantum size is greater than 1, there is only one cycle and the queue
behaves as an ordinary M/D/1 queue. When the quantum size is smaller than one and greater than
172, there are two cycles. When the quantum size is closer to 1, the difference in processing
between the first and the second cycle is larger. Note a sharp increase when the quantum size
becomes smaller than one. At that point, the processing is almost completed in the first cycle, and
the customer has to spend one waiting period in the second cycle to receive an insignificant
amount of processing. As the quantum size decrease, processing times in the two cycles become
more balanced, and the delay decreases. As before, we notice a sharp increase in the delay when
the third cycle is introduced.



13

2.3 1
2.2 4
2.1 4

1.9 1
1.8 1
1.7 1
1.6 1

Delay

1.4

0.1 0.3 0.5 0.7 0.9 1.1
Quantum Size

Figure 6: A Single Class Queue - Delay vs. Quantum Size

Next example considers a priority queue with three classes. Arrival rates and total service times
are equal to 2, and 0.1 respectively for each class. We varied the number of cycles from one to
five. Figure 7 shows the results. We can notice that when the number of cycles is increased, the
delay for the high priority class (1) decreases. This is due to the decreased residual service times
of low priority classes observed by a new high priority arrival. Recall that the queue is non-pre-
emptive, i.e., a customer currently being served by the server cannot be preempted by a high pri-
ority arrival. As we may have expected, the delays of classes 2, and 3 increase as the number of
cycles increase.

035 7
031 X X X
> 025 1 X =1
3 02)( ¥z
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0.1 . .
1 2 3 4 5
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Figure 7: Delays in a Priority Queue with 3 Classes vs. Number of Cycles

Finally, Figure 8 shows the delay for a 2 classes non-priority queue vs. the quantum size. The
arrival rates for both classes are equal to 0.2. The total service times are constant and equal to 1
and 2 time units. The quantum size is varied between 0.3 and 2. As we can see, the first class is
completely served in a single cycle when the quantum size is greater or equal to 1. The difference
in the delay in that region is due to smaller residual service time as the two service periods of the
second class become more balanced. We also notice sharp increases in delays as new cycles are
introduced.
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Figure 8: A Two Class Non-Priority Queue - Delay vs. Quantum Size
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